Precession has been proposed as an alternative power source for planetary dynamos.
I. INTRODUCTION
The Earth's magnetic field, which is believed to be generated by fluid motions in the outer core through the so-called geodynamo mechanism, has been in existence for at least 3 billion years according to paleomagnetic records. 1, 2 It is thought that the geodynamo is powered by compositional and thermal convection in the outer core. 1 However, this conventional view of the geodynamo is called into question because of a tight energy budget. 3 In particular, recently revised estimates of thermal conductivity that are higher than previously thought have placed the convection geodynamo in a more restricted position. 4 Alternatively, Bullard 5 first proposed that precession, a change of the orientation of the rotation axis, is a potential power source to generate the Earth's magnetic field. From an energetic point of view, precession driven laminar flow cannot extract sufficient energy to maintain the Earth's magnetic field. 6, 7 In contrast, turbulent flows driven by precession can dissipate much more energy and thus are possible to sustain the geomagnetic field. 8, 9 In addition to the geodynamo, it has been proposed that the ancient lunar dynamo may be sustained by precession. 10, 11 However, these studies did not take into account the constraints of realistic magnetohydrodynamics (MHD) driven by the precessional forcing.
Gans 12 first experimentally studied MHD in a precessing cylinder filled with liquid sodium, showing the signature of amplified magnetic fields but ultimately no self-sustained dynamo action. In the last decade, several numerical simulations have demonstrated that precession-driven flows can sustain magnetic fields through dynamo action in spherical, 13, 14 spheroidal 15, 16 and cylindrical 17, 18 geometries. In contrast with laboratory experiments and planetary cores, numerical simulations usually adopted a much higher (P m 1) magnetic Prandtl number P m (the ratio of the kinematic viscosity to the magnetic diffusivity) than that is appropriate for liquid metals. Therefore, the simulations are generally dominated by viscous dissipation rather than the Ohmic dissipation. In addition, due to limited computational resources, numerical models use a relatively large Ekman number (E 10 −4 ) which measures the typical ratio between the viscous force and the Coriolis force. The present numerical study aims at shedding light on precession driven dynamos at relatively low Ekman numbers and magnetic Prandtl numbers.
We work in a full sphere geometry. In this geometry only viscous coupling to the boundary is possible, and topographic couples that are effective in cylindrical and spheroidal geometries are entirely absent. Based on our hydrodynamic simulations, 19 we investigate precession driven dynamos in different flow regimes. It is of particular interest that the nonlinear evolution of precessional instabilities can lead to a few dominant cyclonic vortices (i.e. rotating in the same direction as the background rotation), which are elongated along the rotation axis of the fluid. 19, 20 Hereafter we refer to these vortices as large scale cyclonic vortices (LSCV). These large scale vortices are thought to be a favourable flow structure for magnetic field generation. 21 Indeed, our numerical simulations suggest that precessiondriven LSCV can sustain dynamos at relatively low magnetic Prandtl numbers (P m < 1).
This allows us to investigate precession driven dynamos in the parameter regime in which the diffusivities have the correct hierarchy for planetary applications.
The plan of this paper is as follows. Sec. II introduces the governing equations and numerical models, while Sec. III presents numerical results. The paper closes with a summary and discussion in Sec. IV.
II. NUMERICAL MODELS
We consider a sphere of radius R filled with a homogeneous, incompressible and electrically conducting fluid of density ρ, kinematic viscosity ν, electrical conductivity σ and magnetic permeability µ 0 (equal to the vacuum magnetic permeability). The sphere rotates
at Ω o = Ω ok and precesses at Ω p = Ω pkp , wherek andk p are unit vectors along the spin and precession axes, respectively (Figure 1 ). Using the radius R as the length scale, Ω
−1
o as the time scale and Ω o R √ ρµ 0 as the unit of magnetic field B, the dimensionless MHD equations governing the fluid velocity u and the magnetic field B in the mantle frame (attached to the container) can be written as, 13, 22 ∂u ∂t
where the precession vectork p is given bŷ
Here (î,,k) are unit vectors in Cartesian coordinates (x, y, z) whose z-axis is along the rotation vectork and α p is the angle between the rotation axis and the precession axis. We set α p = 60
• in all simulations unless otherwise specified.
The system is controlled by three dimensionless parameters: the Ekman number E which measures the ratio between the viscous force and the Coriolis force, the Poincaré number P o which measures the dimensionless precession rate and the magnetic Prandtl number P m which is the ratio between the kinematic viscosity and the magnetic diffusivity. These parameters are defined as follows:
where η = (σµ 0 ) −1 is the magnetic diffusivity of the fluid. Negative (positive) values of P o correspond to retrograde (prograde) precession. We consider only retrograde precession (negative P o ) in the present study.
Equations (1) (2) are numerically solved by a fully spectral code. 23, 24 The velocity field u and magnetic field B are decomposed into toroidal and poloidal fields in a spherical coordinate system (r, θ, φ):
which automatically satisfy ∇ · u = 0 and ∇ · B = 0. The scalar fields are then expanded as
where Y at the origin of the sphere. 25 We use a total of N polynomials for each l. Some of our more intensive calculations require truncations in (N, L, M ) as high as (127,255,127).
The no-slip boundary condition for the velocity u is adopted and given by
For the magnetic field B, we use an insulating boundary condition which leads to a vanishing toroidal component and the poloidal component matching the potential magnetic field outside the sphere
on the boundary r = 1.
The numerical code has been benchmarked in several contexts including that of precession driven flows and MHD calculations. 
III. RESULTS
The simulations performed for this work are detailed in Table I . We use Ekman numbers in the range 3.0 × 10 
and the magnetic energy E m in the fluid volume
The kinetic energy can be decomposed into its symmetric part and anti-symmetric part as we have done in hydrodynamic simulations.
where
The basic flow driven by precession is symmetric around the origin and any anti-symmetric flows must be due to instabilities. Therefore, the anti-symmetric kinetic energy is an indicator of instabilities.
All results are presented in the mantle frame in order to have the same view as that from which we observe the Earth's magnetic field.
A. Laminar dynamos
It has been shown that precession driven laminar flows can sustain dynamos due to the Ekman pumping/suction at large Ekman numbers. 13 In this section, we gradually reduce the Ekman number and the Poincaré number to see whether precession driven laminar flows can sustain dynamos at lower Ekman numbers E and if so what would be the critical magnetic Prandtl number P m .
At a given Ekman number, we choose a suitable Poincaré number such that the flow is in the stable regime while containing as much kinetic energy as possible based on the hydrodynamic simulations (see Fig. 11 in Ref 19) . For each combination of E and P o , we vary the magnetic Prandtl number P m in order to find a critical value. The velocity field starts from a steady state of the hydrodynamic simulation while the magnetic field starts from a saturated dynamo state at higher E or P m . If the magnetic energy can be sustained for around one magnetic diffusion time τ :
then we say it is a successful dynamo. Note that τ is around 10 times the e−folding time of the slowest decaying dipole field. 28 Failed dynamos show exponential decay of the magnetic energy. Figure 2 (a) shows the results in the plane (P m , E), in which successful dynamos are marked as filled circles and failed ones are marked as open circles. We can see that the critical P m is around 10 for E 10 −3 which then drops to 3 at E = 7 × 10 −4 . This sharp jump in the regime diagram may be attributed to the fact that Ekman numbers E 10 −3 are not sufficiently small to show asymptotic behaviour. A similar jump in the hydrodynamic instability diagram was also observed in our hydrodynamic simulations (see Fig. 11 in Ref   19 ). It seems that the critical magnetic Prandtl number increases as we reduce the Ekman number (E 7 × 10 −4 ). In the poineering study by Tilgner 13 on precession driven dynamos, he defined a magnetic Reynolds number for the laminar dynamo based on the characteristic poloidal velocity:
where E kp is the poloidal kinetic energy and V is the volume of the sphere. Figure 2 (b) shows the regime diagram in the plane of (R m , E). The critical magnetic Reynolds number is around 700 for E > 10 −3 , which is very close to the critical value 770 obtained by Tilgner
13
at E = 1.4 × 10 −3 (there is a small solid inner core with radius of 0.1R in his study).
At smaller Ekman numbers (E 7 × 10 −4 ), it seems that the critical magnetic Reynolds number increased as the Ekman number is decreased, at least for the R m defined above.
One should bear in mind that we also adjust the Poincaré number as the Ekman number is decreased in order to keep the flow laminar in Figure 2 . The flow would become unstable if we decrease the Ekman number but fix the Poincaré number. In the unstable regime, the critical magnetic Prandtl number can be smaller than in the laminar regime. 13 We will focus on dynamos driven by unstable flows in Section III B. In Figure 4 , we show the kinetic energy (a) and the magnetic energy (b) spectra of the laminar dynamo in the fluid volume at E = 7 × 10 −4 , P o = −0.2 and P m = 6. The kinetic energy is dominated by the spherical harmonic degree l = 1 component, whereas the magnetic energy is dominated by l = 2. Since the laminar flow driven by precession is symmetric around the origin, the kinetic energy is composed of odd degrees l in the toroidal field and even l in the poloidal field. In contrast, the magnetic energy is composed of even l in the toroidal field and odd l in the poloidal field, which means the magnetic field is antisymmetric around the origin, i.e. B(−r) = B(r).
It is of interest to examine the feedback of the Lorentz force on the fluid flow in laminar dynamos. The laminar flow is dominated by a solid body rotation in the bulk of the fluid ω F , which can be extracted from the mean vorticity in the bulk. 19 A simple measure of the magnetic effect on the laminar flow would be the change of ω F in MHD simulations with respect to the corresponding hydrodynamic one. In Figure 5 , we plot the differential rotation between the container and the fluid, ε = |k − ω F |, as a function of P m at E = 7 × 10 −4
and P o = −0.2, compared to the hydrodynamic value. In the hydrodynamic simulation (horizontal dashed line) and also the MHD simulations with no dynamo action (open circle), the differential rotation ε is steady after a transient stage. However, the differential rotation ε starts to fluctuate as the magnetic field grows in simulations with the dynamo action (filled circles). In Figure 5 , black dots show the mean value of ε after the saturation of the magnetic energy and the error bars show the standard deviation from the mean value. We can see that the mean value of ε after the saturation slightly drops (around 3% at P m = 10) with respect to the hydrodynamic value due to the action of the Lorentz force on the fluid. 
B. Dynamos driven by large scale cyclonic vortices
Both laboratory experiment 20 and numerical simulations 19 have shown that the nonlinear evolution of precessional instabilities may lead to large scale cyclonic vortices. Recent simulations have shown the robustness of the dynamo driven by large scale vortices in rotating convection. 21 In this section, we focus on the magnetic field generation by large scale cyclonic vortices driven by precession.
We consider a case of E = 3 × 10 −5 and P o = −1.35 × 10 −2 , at which the hydrodynamic simulation has shown the formation of the large scale cyclonic vortices ( Fig. 10 in Ref 19 ). Figure 6 shows the energy evolution of the MHD simulation at P m = 0.5. The velocity field starts from a saturated state in the hydrodynamic simulation and the magnetic field starts from small random perturbations. The total kinetic energy is dominated by the solid body rotation component so we plot the antisymmetric kinetic energy E ka in this case, which is the outcome of the hydrodynamic instability. The magnetic energy is very time-dependent exhibiting irregular peaks and troughs. The drop of the magnetic energy corresponds to the breakdown of the LSCV to small scales but the magnetic field strength is re-established due to the re-formation of the LSCV. 19 The cycle continues repeatedly but the periods are irregular because of the non-linear evolution. Figure 7 shows a snapshot of the vorticity |∇ × u| and the magnetic field |B| in the Although the large scale magnetic fields are generated due to the LSCV in the bulk, the fields below the boundary (r = 1− √ E) are characterized by small scales in Figure 9 (a). The small scale fields in the boundary layer are much weaker than the large scale field associated with the LSCV in the bulk. We believe that the small scale fields are related with viscous boundary layer instabilities. 34, 35 The magnetic fields are extended upward to outside of the fluid domain. Since the magnetic potential decays as (1/r) l+1 outside the fluid domain, the field outside is mostly dipolar or quadrupolar. For example, Figure 9 (b) shows contours of B r on the surface r = 2 (roughly corresponding to the Earth's surface if we assume that the boundary r = 1 represents the core-mantle boundary). We observe a weak dipole field whose moment lies in the equatorial plane in this snapshot. However, the field structure varies in time (see Movie 2 in supplemental material 47 ). The exterior field can be either The maximum of the magnetic energy is at l = 4 but the spectrum is almost flat for l < 10.
We note that the toroidal component of the magnetic energy is dominant compared to the poloidal component.
In Figure 11 , we show another dynamo driven by LSCV at E = 6 × 10
and P m = 2. Qualitatively, this case is very similar with the one at E = 3 × 10 −5 , P o = −1.35 × 10 −2 , P m = 0.5. Again, we observe three dominant LSCV and the magnetic fields are mostly generated around the vortices. Indeed, the number of dominating LSCV, if they are formed, is three in all cases at different Ekman numbers and Poincaré numbers. This suggests that the length scale of the LSCV is independent of the Ekman number as reported in rotating convection simulations. 21 Therefore, it is possible that similar large scale vortices can be formed in the liquid cores of planets, in which the Ekman number is extremely small.
However, there are conditions for the formation of the LSCV. First, we observe LSCV only at low Ekman numbers (E < 10 −4 ), which means that the viscous effect should be much weaker than the rotational effect. Second, the precession rate should be large enough to trigger some instabilities but needs to be moderate to avoid strongly nonlinear effects. If the precession rate is sufficiently large (|P o | 0.1), both numerical simulations 19, 36 and lab- scale fields compared to dynamos driven by LSCV. We see the broadband magnetic energy spectra with a maximum around l = 10. In addition, the toroidal component and poloidal component make comparable contributions to the total magnetic energy in this case.
IV. DISCUSSION
Based on previous hydrodynamic simulations, we have shown precession driven dynamos in different flow regimes. In the laminar regime, dynamo action operates mainly in a thin layer beneath the boundary since the bulk fluid is nearly a solid body rotation. Our simulations at lower Ekman numbers than previous studies clearly show that precession driven laminar dynamos are more difficult to obtain at low Ekman numbers, as has been pointed out previously. 13 The main result of the present study is that we have demonstrated magnetic field generation by large scale vortices in a precessing sphere, which has not been explored previously. Small scale flows driven by precessional instabilities can merge into large scale cyclonic vortices due to the effect of rapid rotation. However, there are still several uncertainties concerning this conclusion due to the possible effects of the solid inner core 41 and interactions between precession and convection. 42 For the case of the Moon, we have estimated that the growth rate of precessional instability due to the conical shear layer is two orders of magnitude larger than the viscous decay rate,
19
suggesting very complex flows in the lunar core driven by the 18.6 yr precession of the moon.
Therefore, a lunar dynamo driven by precession is possible during the evolution history of the Moon, 10 particularly if the large scale vortices are formed due to the precessional instability.
However, the Moon does not have an observable internal magnetic field generated by dynamo action at present time. Note that not all of the power deposited by the precession is available to sustain a lunar dynamo. 10 There is also a threshold power requirement to maintain the lunar core in a well-mixed adiabatic state, which is not matched at present day.
10,43
Although we have made great efforts to push towards the parameter regime of planets, our simulations are still far away from the realistic parameter regime, and there is little prospect of approaching the realistic parameters which require considerable computational resources. Therefore, it would be helpful in future to extract some generic scaling laws from numerical models as in the studies of convection driven dynamos. 44, 45 On the other hand, laboratory experiments with liquid metals can reach more extreme parameters, which would significantly compensate for the limitations of numerical models. A liquid sodium experiment of a precessing cylinder with the height and diameter of 2 meters is under construction in Dresden, Germany, 46 which is expected to provide new insights on precession driven dynamos.
